scheme, up to p = 3, for a one-dimensional scalar advection equation and showed that the eigenvalue is accurate to order 2p +2 locally which results in a global order 2p +1 decay of the evolution component of the numerical error. In 9 , Hu, Hussaini and Rasetarinera studied numerical dissipation and dispersion errors of DGM for one-and two-dimensional wave equations. They also analyzed anisotropic errors of wave propagation in triangular and quadrilateral elements. In a recentwork by Rasetarinera, Hussaini and Hu 18 , it was further demonstrated numerically that dissipation errors of DGM decay at order 2p +2 locally when the exact characteristics splitting ux formula is used. Another study of Fourier analysis was carried out in 20 by Sherwin which gave exact expressions of the numerical frequency analytically up to p = 3 and numerically for p =1 0 . It is also interesting to note here some related works in continuous Galerkin methods. For instance, a case of super-convergence in phase error in continuous Galerkin methods has been shown, numerically,by Thompson and Pinsky 21 and, theoretically,by Ihlenburg and Babuska 11 . It was found that when basis polynomials of order p are used the phase error converges locally at h 2p+1 11 . We point out that this is one order less than that for DGM as we will show in this paper.
The presentwork has been motivated primarily by the need to understand wave propagation in DGM with non-uniform elements grids. As a rst step toward such a goal, we study wave propagation through an interface with an abrupt change in grid size in one space dimension. We will rst carry out an analysis on spatially propagating waves, referred to as the eigensolutions, of the semi-discrete system in uniform grids. Then the results of such an analysis will be applied to study wave re ection and transmission by expressing the numerical solution on either side of the interface in eigensolutions. The re ection and transmission coe cients are then found by deriving proper coupling conditions at the interface. As we will see, numerical re ection at a grid discontinuity is dependent on the ux formula employed in the implementation of DGM. Two commonly used ux schemes are considered in this paper, namely, the characteristics-based ux and Lax-Friedrich ux formulas. These twoschemes will be analyzed in a uni ed waybyintroducing an upwind factor.
We point out that a major di erence between the present and previous works in wave analysis for DGM is that in the present work we study spatial waves where the temporal frequency is speci ed and the corresponding wavenumber is sought as eigenvalues, while in the previous studies the wavenumber was speci ed and the frequency was found as eigenvalues. The present approach is necessary because, with an introduction of grid discontinuity,numerical wavenumber is not constant across the interface of a grid change. The use of spatial waves also turn out to be advantageous in that the eigenvalue problem is greatly simpli ed and reduced. As a result, the numerical dispersion relation is governed by a quadratic equation that can be solved analytically for any order of the basis polynomials. Speci cally, in a uniform grid, it is found that there are at most two spatially propagating numerical wave modes for eachphysical waveof the PDE. One of the numerical wave modes can accurately approximate the physical wave and the other is a highly irregular spurious mode. They will be referred to as the physical and spurious numerical waves respectively in this paper. For the physically accurate mode, it will be shown that the numerical dispersion relation is accurate to kh 2p+2 locally where k is the wavenumber, which con rms those previous works mentioned earlier 12 14 18 . In fact, we will show that dispersion error is of order 2p+3 while the dissipation error is of order 2p +2. For the spurious mode, it is found that it propagates in the opposite direction of the physical mode and becomes non-existent when the exact characteristics-based ux formula is used. Following the analysis of waves in uniform grids, the e ect of a grid change on either side of the interface is studied. It is found that waves associated with di erentphysical eigenvectors are decoupled and numerical re ections are always in the form of the spurious numerical wave and are highly damped.
The rest of the paper is organized as follows. In section 2, we describe the discretization process and the associated ux formulas. In section 3, the eigenvalue problem for spatially propagating waves in a uniform grid is formulated. In section 4, numerical dispersion relation and its accuracy are analyzed and discussed. Wave propagation through a grid discontinuity is studied in section 5. And numerical examples are presented in section 6. Section 7 has our conclusions.
2. Formulations of discretization and numerical ux. Consider the discontinuous Galerkin method for a system of hyperbolic equations in one-dimensional space:
where u isavector of dimension N and f is the ux vector. We will only consider linear cases in our analysis and assume that fu=Au 2.2 where A is a constant N N matrix. We assume that A has N real eigenvalues, denoted by a j for j = 1; 2; :::; N and the eigenvectors of A, denoted by e j , form a complete basis in N -dimensional space.
Throughout this paper, unless speci ed otherwise, lower case bold face letters will stand for column vectors and upper case bold face letters stand for matrices.
In a discretization of 2.1 using the discontinuous Galerkin method, the spatial domain is partitioned into elements, E n = x n,1 ;x n , where n is the element index. In each element, the numerical solution, denoted by u n h x; t, is expressed as 2.3 where fp ǹ x;`=0 ; 1; :::; pg is the set of basis polynomials for element E n . Here p, without superscript or subscript, denotes the highest order of polynomials in the chosen basis and c ǹ t is the expansion coe cient.
In a weak formulation for 2.1, we require that At any interface between two elements, i.e., the end points x n,1 and x n , the ux vector f R is not uniquely determined and a ux formula has to be supplied to complete the discretization process. Various kinds of ux formulas have been proposed and used in the literature. In this paper, we will consider two commonly used ux formulas. They are speci ed below and will be referred to as the characteristics-based ux formula and Lax-Friedrich ux formula respectively. The characteristics-based ux formula is of the form
where u L and u R are the values of u at the interface calculated using expansion coe cients of the elements at the left and right of that interface respectively. In DGM u L and u R are not required to be the same. Here is a scalar parameter. The value of is usually unity in practice which makes 2.6 an exact characteristics splitting the exact Roe solver. On the other hand, 2.6 will result in a symmetric averaged scheme when =0 . Here, we will keep as a parameter so that our analysis can be useful for a wide range of cases. For convenience, 2.6 will be written as 3.4 where is an undetermined complex number andc`is a vector independent of the element index n. It is easy to see that, if we express as = e ik h h ; 3.5 then, k h can be interpreted as the wavenumber of the numerical solution. Here k h will be referred to as the numerical wave number.
For convenience of discussion, we de ne a column vector that contains all the expansion coe cients Next, we show that 3.10 can be equivalently separated into N independent eigenvalue problems, where each sub-problem corresponds to one of the physical wave modes of the PDE. Here each pair of the eigenvalue and eigenvector fa j ; e j g of the PDE will be referred to as a wave mode of the PDE 2.1 and a j is the wave speed of that mode. Since we are interested in spatially propagating waves, we assume a j 6 =0 .
We rst expressx given in 3.6 in terms of eigenvectors of the PDE as follows, for the Lax-Friedrich ux de ned in 2.10. Thus the twotypes of ux formulas can be treated in a uni ed wayby using 3.13. For convenience of discussion, we de ne
3.16 and j will be referred to as the upwind factor of the scheme for the jth wave mode of the PDE. We note that, for both cases given in 3.14 and 3.15, j j j = 1 leads to the exact characteristics splitting. For j j j 1, the eigenvalues of A L and A R are all positive and negative, respectively. Note also that for the Lax-Friedrich ux formula applied to a system of equations in which the ja j j varies widely, j j j will be large for the slowest wave modes; however, the wavenumber !h=a j will also be proportionally large for any given for j =1 ; 2; :::; N, in which y j is the eigenvector and is the eigenvalue.
We observe that, by solving the eigenvalue problem posed in 3.18, we will obtain as a function of the non-dimensional frequency !h aj or wavenumber and the upwind factor j , i.e., = F !h a j ; j :
3.19
Since is directly related to the numerical wave number k h by 3.5, equation 3.19 is the numerical dispersion relation of the scheme. It is an intrinsic property of the discretization. In addition, the non-trivial solution of 3.18 forms the eigenfunction of the numerical mode. Speci cally, let the eigenvectors of 3.18 be denoted by y = fv`g, then the eigenfunctions will be of the form Its analytical properties will be presented in section 4.3. As wehave seen in previous discussions, when j j6 =1 , there are two roots for . Each root represents a numerical wave mode whose wave number is found by 4.1 and whose mode shape eigenfunctions found by 3.21. As we will see, one of the numerical modes can faithfully represent the physical wave and the other mode is spurious or non-physical. These two modes behavevery di erently and it is easy to distinguish the physical mode from the non-physical mode. When j j =1exact characteristics ux, of course, there will be only one root and the spurious mode will not be present.
We will use a case with =0 :5 as an example to demonstrate numerical results. For a given value of exact wavenumber K, we solve equation 4.2 and obtain two values of which are then converted into numerical wavenumbers K h according to 4.1. For the physical mode, the numerical wavenumber K h as a function of K is plotted in Figure 4 .1a real part and 4.1b imaginary part, for cases p =1 ; 2; 3; 4.
The diagonal line in Figure 4 .1a is the exact relation, i.e., when the numerical wavenumber is equal to the actual physical wave number. It is seen that, for a given value of p, the real part of the numerical wave number, ReK h , follows the exact line closely for a range of K values. This range will be termed resolved wave number space. Clearly, the higher the order of the basis functions, the larger the resolved space. Figure 4 .1b shows the imaginary part of the numerical wavenumber, ImK h . Since the waveis right-traveling for the present case 0, the positive imaginary part represents numerical damping as the wave propagates in space. We note that the damping is not signi cant for wavenumbers within the resolved wavenumber space in eachscheme. The exact boundary of resolved range is, of course, somewhat arbitrary and depends on the accuracy criteria imposed. This issue will be closely examined in section 5.2. In general, the dissipation error places a higher requirement on the resolution of the scheme than the dispersion error in DGM.
For the spurious mode, the relation of K h v.s. K is plotted in Figure 4 .2. For the real part of K h shown in Figure 4 .2a, the curve starts at 0 for p odd and starts at for p even. The group velocity of these waves slope of ReK h v.s. K is negative, indicating that the spurious waves are left-traveling, in the opposite direction of the actual physical wave. The imaginary part of K h is also negative, indicating again that the wave is left-traveling and damped. The damping rates for the spurious modes in Figure 4 .2b are quite large for the cases shown. This means that the spurious mode is expected to be damped very rapidly in computation.
The corresponding eigenfunctions of the physical and spurious modes are plotted in Figures 4.3 and 4 .4 respectively. The eigenfunctions are constructed according to 3.21 using eigenvectors from 3.18 as the expansion coe cients. Plotted are eigenfunctions over a span of 30 elements, with the rst element being -1,1 as indicated by dark lines in the plots. As shown in Figure 4 .3, the physical mode travels to the right and the amount of damping is quite visible for p =1and 2 with the chosen value of K =2 . The damping error reduces signi cantly as order increases.
In Figure 4 .4, we see that the spurious non-physical mode is damped very rapidly for all cases shown, which is consistent with our observation in Figure 4 .2.
As will be shown later equation 40, the damping factor of the spurious mode is related to the value of as 1,j j 1+j j , plotted in Figure 4 .5. Thus the spurious wave modes become highly damped when is close to unity and much less damped when is close to zero or much greater than unity. In practice, small is avoided bychoosing 1; large occurs for slowwave modes where jaj max =a j is small. That is, for DGM, the dominant error is the dissipation error which reduces locally at order 2p +2 . The dispersion error, on the other hand, reduces locally at order 2p +3 . This is con rmed in Figure 4 .6 where the numerical dispersion relations shown in Figure 4 .1 are re-plotted in log-log scale.
Note that when j j =1 , the spurious mode is non-existent and it is straightforward to verify directly from 4.2 that 4.7-4.9 are still true for the physically accurate mode.
We also note that for polynomials Hx and Gx with given orders, 4.4 is the best possible order of approximation. This suggests that 4.7 is the best asymptotic numerical dispersion relation possible. 5. Wave re ection at an interface of mesh discontinuity. 5.1. Re ected and transmitted waves. In this section, we consider a situation where the size of the element is abruptly changed from h 1 to h 2 across the interface between elements n =0and n =1 ,as shown in Figure 5 .1. We will study the wave re ection and transmission at the interface. Speci cally,we will introduce an incidentphysical wave, traveling from left to right, and look for the re ected and transmitted waves caused by the grid discontinuity.
Using the eigenfunction expression 3.20, we can express the incidentwaveas Due to the discontinuity in mesh size, there will be re ections at the interface. For convenience of discussion, letû n left andû n right denote the time independent solutions in the left and right half-domains on either side of the interface respectively. By making a use of 3. 
5.5
These two conditions can be simpli ed when we recognize the fact that 5.4 and 5.5 will still be true whenû 5.9
In 5.9, wehave used the fact that eigenfunctions are normalized such that fj =1 =1, as in 3.22. Since e j 's are linearly independent, it follows that B j = A j =0; j 6 = j 0 : 5.10 This means that no componentofwave modes other than that of the incidentmodee j0 will be presentin the re ected and transmitted waves. This also suggests that the re ected wave can only be in the form of the spurious mode, the only opposite traveling numerical wave for the e j0 mode. An interesting consequence of this is that when the exact characteristics splitting ux formula is used, there will be no re ected wave because the opposite-traveling spurious wave is non-existent.
Further, by equaling the coe cients of e j0 in 5.8 and 5.9, and assuming j j0 j6 =1,we get two coupled equations for A r and A t ,
A 0 e 
5.12
Thus, numerical re ection and transmission coe cients are directly related to the change in dispersion properties of the scheme when grid change occurs. To express the above in a more compact and, perhaps, more insightful form, we note the fact that numerical solutions in DGM have a small discontinuity or gap at the boundary of anytwo elements. This discontinuity, of course, becomes diminished with the increase of the resolution of the scheme. Speci cally, if we let h denote the discontinuity of the numerical solution at the interface of elements n =0and n =1 had the grid size been uniformly h, then wehave where u n h is the eigenfunction speci ed in 3.21. Thus, in terms of h , the expressions for the re ection and transmission coe cients given in 5.11 and 5.12 can now be written as 5.14 in which the superscript denotes the mode type, the physical p or spurious s mode, and the subscript denotes the mesh spacing used for calculating the gap. Equation 5.13 implies that numerical re ection will be small for waves that are well resolved under the grids on both sides of the interface, since the solution discontinuity decreases dramatically as the resolution of the scheme increases. This is further illustrated in Figure 5 .2 where regions that satisfy the requirement on the resolution number of elements per wavelength so that the re ection is 2 or less are plotted for a given grid discontinuity of ratio h 2 =h 1 . Av alue of =0:5 is used in the calculations. The solid line is the 2 re ection boundary for each given order of the scheme as indicated on the graph. As we can see, when the ratio h 2 =h 1 increases, the requirementonresolution also increases. It is interesting to compare this requirement with the resolution requirement placed by the accuracy criteria of the scheme had the grid been uniformly spaced. Since here we assume h 2 h 1 , the accuracy requirement will be calculated based on h 2 . The accuracy boundaries are plotted in Figure 5 .2 as dotted lines. The criteria used here consist of the dispersion error 2 jRek h h,Kj K 0:001 and dissipation error 1 , e ,2Imk h h=K 0:001. This corresponds to requiring that the phase and damping errors be less than 10 after a wave has been propagated 100 wavelengths. Enlarged numerical dispersion relations are plotted in Figure 5 .3 where the accuracy limits used are shown as dotted lines. Figure 5 .3 indicates that the uniform grid accuracy constraint is similar to, and in many cases more stringent than, the accuracy constraint due to the abrupt change in mesh size. Although the uniform grid and discontinuous grid error criteria used here are somewhat arbitrary,we use Figure 5 .2 to emphasize the notion that both types of errors follow parallel trends with respect to varying mesh sizes and the increase of the resolution of a scheme leads to the reduction of numerical re ection caused by a grid discontinuity. at the left boundary x =0 : The frequency is chosen to be ! 0 = =2 with a wavelength 0 =4in a mean ow M =0 . At the right boundary x = 100,w e implement the characteristics boundary condition, i.e., the exact characteristics ux formula =1 is used at the right boundary of the last element. After the initial transient has exited the right boundary, the computational domain is lled with the sine wave. We then where n is the element index and n 0 = 0 h . Table 6 .1 shows the mesh re nement results for p = 1 to 4. Since the local dispersion relation is accurate to order 2p +2 , the global error measure E de ned in 6.4 will decrease at order 2p +1. This is observed in all the cases. 6.2. Re ection at grid discontinuity and comparison with eigenfunctions. In Figures 6.2 to   6 .3, we show the propagation of the sine wave 6.3 through a mesh discontinuity. Since the numerical wave re ection properties are dependent on the ux formula used, we will show cases with the exact as well as inexact characteristics ux formulas. This will be indicated by the value of used in the computation. Avalue of j j =1indicates exact characteristics splitting while a value of j j6 =1indicates inexact characteristics ux. In some calculations, a fairly large grid discontinuity has been used. This is to make re ection errors more visible for the purpose of illustration. In all the calculations, a fth-order p =4 scheme is used.
6.2.1. Exact characteristics ux formula j j =1 . In Figures 6.2a and b , a grid discontinuity is introduced at x =5 0with the ratio of grid spacing being 2 and 5 respectively. The exact characteristics- based ux formula is used in this example with =1. In both cases, the abrupt change of element size causes no numerical re ection because the opposite-traveling spurious mode is now non-existent. The damping of wave amplitude in the coarsened grid is due to the reduction in resolution and is expected. 6.2.2. A slow wave mode j j =10. In Figure 6 .3a, we show the solution for a case in which is large =10. This situation is likely to occur when the wave speed of an eigenmode is small relativeto the fastest eigenmode governed by a given system of equations. In Figure 6 .3a, the amount of re ection is visible since the grid ratio here is quite large. By subtracting out a calculation with uniform grids done separately, the re ected wave is extracted and plotted in Figure 6 .3b. Inspecting visually, the re ected wave is in the form of the spurious numerical mode. This will be further con rmed when we compare the numerical solution with the eigenfunction formed in 3.20.
To compare the numerical solution with the eigenfunctions found in section 4, we rst extract the complex coe cientvector from the numerical solution by constructing v = vj t=t0 + ivj t=t0+ T 4 in each element. In the above, T is the period of the sine wave and t 0 is an arbitrary time at which the numerical solution has become time periodic and v denotes the solution coe cientvector of the pressure p. Then, we t this coe cientvector by a linear combination of the eigenvectors of 3. . In other words, we decompose the numerical solution into eigen-modes. This is done for every element and the residues of 6.5 have been found to be near machine zero in all cases. The magnitudes of a and b plotted in Figure   6 .3c. Here, circles indicate the magnitude of the physical mode, jaj, and the triangles the spurious mode, jbj. The re ection at the interface at x =50and their subsequent exponential decay are clearly shown. Also shown, in dotted lines, are the predictions of the re ected and transmitted waves with their amplitudes at the interface being determined by 5.13 and 5.14. Excellent agreements are found.
6.3. Propagation of an acoustic pulse with mean ow. In the third example, Figure 6 .4, we show the propagation of an acoustic pulse in a mean ow of Machnumber M =0:8. We solve 6.1-6.2 using the Lax-Friedrich formula 2.9 with =1. The initial Gaussian pro le in the u velocity component is separated into a downstream propagating pulse, with speed M +1, and an upstream propagating pulse, with speed M , 1. Both pulses are to propagate through a grid discontinuity of ratio h 2 =h 1 = 5 located at x = 30 and x = ,30 respectively. The di erence in wave propagation speed results in two di erentupwind factors for the two pulses, namely, =1for the downstream propagating pulse and = ,9 for the upstream propagating pulse according to 3.15 and 3.16. For the right-traveling pulse, since the ux formula is the exact characteristics splitting, no re ection occurs as the pulse propagates through the grid discontinuity.
For the left-traveling pulse, small re ected waves are detected due to the inexact characteristics ux formula for that wave speed. We note that the re ected waves are in the form of spurious waves and decay rapidly. We emphasize that the use of a relatively large abrupt increase in grid size is to make the re ections more visible. Indeed, a calculation using a grid ratio of 2 produced much smaller re ected waves. 7. Conclusions. Wehave carried out a detailed study of spatially propagating waves in a discontinuous
Galerkin scheme applied to a system of linear hyperbolic equations. An eigenvalue problem for the spatially propagating waves is formulated. In one dimensional space, the eigenvalue problem reduces to a quadratic equation and, consequently, yields at most twonumerical wave modes for eachphysical wave mode of the partial di erential equations. One is physically signi cant with the dispersion error that decays like h 2p+3 and the dissipation error that decays like h 2p+2 locally. The other numerical mode is spurious. The spurious mode becomes non-existent when the exact characteristics splitting ux formula is used. Furthermore, re ection and transmission coe cients of an incidentwaveataninterface of grid discontinuity are derived. It is shown that numerical re ection error consists of only the spurious mode and its magnitude depends on the spatial resolution of the grids on both sides of the interface. Theoretical predictions are veri ed with numerical examples. These predictions should bene t the design and application of the DGM scheme with non-uniform grids. In a forthcoming paper, we will examine the e ects of grid discontinuityintwodimensional space. 
